In this paper, a stage-structured prey predator model with density dependent maturation delay for prey population is proposed, where selective harvest effort on predator population is considered. Existence and uniqueness of all biologically reasonable equilibria of model system are studied. In order to investigate dynamic effects of maturation delay and harvesting on model dynamics, global stability analysis around predator free equilibrium are discussed. Furthermore, maturation delay to preserve stability increases with the introduction of harvest effort on predator population, which reveals that harvesting has a stabilizing effect on population dynamics. Finally, numerical simulations are carried out to show consistency with theoretical analysis.
Introduction
In the natural world, many species go through two life stages, juvenile stage and adult stage, from birth to death. Individuals in each stage are identical in biological characteristics, and some vital rates (rates of survival, development, and reproduction) of individuals in a population almost always depend on stage structure. Furthermore, many complex biological phenomenon arising in prey-predator ecosystem always depend on the past history of the ecosystem. Recently, Shi and Chen [7] proposed the following stage structured system with time delay, ⎧    ⎨    ⎩˙1
where 1 ( ), 2 ( ) and ( ) represents the density of immature prey population, mature prey population and predator population at time , respectively; is the intrinsic growth rate of mature prey population, 1 is death rate of immature prey population, 2 is the death rate of mature prey population, 3 is the intra-specific competition rate of mature prey population, is the capturing rate of predator population, denotes half capturing saturation constant, 4 death rate of predator population, 0 < < 1 stands for the mass conversion rate for predation. The constant ≥ 0 denotes the maturation delay of immature prey population to mature prey population, and the term
represents the immature prey population who were born at time − and survive at time . All the parameters mentioned above are all positive constants. Shi and Chen [7] discussed the stability of equilibria and the effect of impulsive interruption on the model system.
It is well known that density dependent variation in reproductive rates has been recorded from multiple species from the high Arctic to the tropics. North American and European conspecifics such as reindeer (Rangifer tarandus), moose (Alces alces), and red deer (Cervus elaphus) exhibit very similar patterns of density dependence even though predation risk is generally higher in North America than in Europe [4] . Density dependence has been reported in components of reproduction from ovule production to weaning success. Overall, increases in density lead to a reduction in components of reproduction which can be reflected in a decrease in population growth [2] . Life history theory predicts that as resources become limiting, individuals should grow more slowly and achieve sexual maturity at a later age [4] . Depressed growth rates at high density should consequently delay age at first reproduction. In large herbivores, age at first reproduction is very sensitive to density. Density dependent delays in first reproduction are typically of one to two years in red deer [4] , and up to three years in bighorn sheep. Generally, length of time for prey population to maturity is density dependent, i.e., maturation time depends on the total population amount of population within prey predator ecosystem, and prey population take less time to reach maturity with depletion of predator population, these hypotheses are strongly supported by numerous field and laboratory experiment and observations [1, 2, 4, 5, 6, 8, 9] . By assuming maturity delay of prey population is density dependent and predator population is harvested, work done in [7] is extended in this paper, and a harvested prey predator model with density dependent maturation delay and stage structure for prey population is proposed in the second section. Due to practically biological interpretations, two equilibria are relevant to our major investigation in this paper, and nonnegativity and boundedness of solution of the proposed model are studied in the third section. Conditions for existence and uniqueness of all biologically reasonable equilibria of model system are investigated in the fourth section. In order to investigate the effects of maturation delay and harvesting on the model dynamics, qualitative analysis of model system is discussed in the fifth section. Global stability analysis of the proposed model system around predator free equilibrium is discussed. Furthermore, local stability switch of the proposed model system around the interior equilibrium as well as Hopf bifurcation phenomenon due to variation of maturation delay and harvest effort level is investigated. Numerical simulations are carried out to show consistency with theoretical analysis in the sixth section. Finally, this paper ends with a conclusion.
Model Formulation
Based on the above analysis, the model proposed by Shi et al. in [7] is extended by incorporating harvest effort on predator population and assuming maturation delay of prey population is density dependent, and the model can be governed by the following differential equations:
where ( ) = 1 ( ) + 2 ( ) + ( ), > 0 denotes the harvest effort to predator population, constant is the catchability coefficient of predator, harvesting term ( ) follows the catch per unit effort hypothesis [3] . Other parameters in model system (2) share the same interpretations mentioned in model system (1) . In the following section of this paper, model system (2) is derived under the following hypotheses: (H1) It is assumed that the prey population is divided into two stage groups, i.e., immature prey population and mature prey population. Only mature individuals are predated by the predator population, which is vividly reflected by the fact that immature prey population in the natural world is always concealed and raised by mature prey population. Consequently, the rate immature prey population is attacked by the predator population can be ignored. (H2) The density dependent time delay ( ( )) is taken to be an increasing differentiable bounded function of the total population (immature prey, mature prey and predator population), which satisfies
The term − 1 ( ) 2 ( − ( )) represents the immature prey population born at time − ( ) and surviving at time with death rate 1 , which represents the transformation term from immature prey population to mature prey population. (H3) The initial conditions for model system (2) take the following form,
For the continuity of initial conditions, it is required that
where ( ) is assumed to be continuous function (for mathematical reason) and non-negative (for biological reason).
(H4) In order to exclude the possibility of immature prey becoming mature prey except by the birth, − ( ( )) is assumed to be a strictly increasing function of , i.e., 1 − ′ ( )˙( ) > 0. Otherwise, there are two different times at which the same individual immature prey turn to be mature prey twice at the same instant of time, which is absurd to practical biological interpretations.
Existence and Uniqueness of Equilibria
Existence and uniqueness of biologically reasonable equilibria are discussed in this section. It follows from model system (2) that there are two biologically reasonable equilibria denoted as follows:
is unique, where (˜1,˜2, 0) ,˜1,˜2 can be governed by the following equations:
which derives that
According to Eqn. (4), 1 is assumed to be function of 2 , and then it follows from Vitem Theorem [3] that there are at least one equilibrium˜(˜1,˜2, 0) provided that > 2 . Furthermore, sufficient condition for uniqueness of˜(˜1,˜2, 0) is 
2 , * can be governed by the following equations: 1 , respectively. The analytical properties of curve Γ 1 and Γ 2 are as follows: For Γ 1 , by simple computing, it gives that (0, 0) ∈ Γ 1 and lim 1 →∞ 1 ( 1 ) = ∞ based on Theorem 3.1. For Γ 2 , by differentiating 2 against 1 along Γ 2 , it can be obtained that
If Since Γ 1 and Γ 2 may intersect at more than one point. Hence, it is necessary to obtain the criteria for the uniqueness of
For Γ 1 , by differentiating 2 against 1 along Γ 1 , it can be obtained that
(8) Based on the above analysis, the interior equilibrium (6) and (8), it can be derived as follows:
According to (H2), it derives that 0 ≤ ≤ 1 , and if the following equality holds, then Eqn. (9) holds, 
Global Stability Analysis of Model System aroundĨ
n the following part, global stability analysis of model system (2) around predator free equilibrium˜is discussed. Based on Eqn. (4), ℎ( 2 ) is assumed to be function of 2 , which is defined as follows . Furthermore, 2 ( ) is monotonic for all sufficiently large , it is easy to show that = lim →+∞ 2 ( ) exists and ≥ 0. Now we show that > 0. It should be noted that 2 ( ) is not eventually decreasing. Otherwise, it follows from˙2( ) < 0 that = 0, and is the element of predator free equilibrium of model system (2), which contradicts 2 ( ) > 0 for all > 0. (2) with → +∞, it can be obtained that
By virtue of assumptions, it derives that
which follows from (11) that > 0.
(ii) If 2 ( ) is not eventually monotonically decreasing or increasing. Since 2 ( ) is bounded, which derives that = lim inf →+∞ 2 ( ) exists. Furthermore, it is easy to show that there exists { | > −1 , lim →+∞ = ∞} such that˙2( ) = 0 and lim →+∞ 2 ( ) = . By computing limitation of the second equation of model system (2) with → +∞, it can be obtained that
On the other hand, it follows from assumption that
Based on (12), it can be shown that ≥ 0. If = 0, for sufficiently large 2 > 0, it follows that 2 ( ) = 0 is element of˜for > 2 , which contradicts˜2 > 0 ofũ nless > 0. Based on (i) and (ii), it can be concluded that lim →+∞ 2 ( ) > 0. In the following part, we show that lim →+∞ 1 ( ) > 0. If lim →+∞ 1 ( ) does not exist. Since 1 ( ) is bounded, there exist at least two sequences { } and { } such that
where 0 < 1 < 1 . According to model system (2), it derives that
. By computing limitation of above equations with → +∞, it can be obtained that 1 = 1 , which is a contradiction. Hence, ′ = lim →+∞ 1 ( ) exists and it is easy to show that ′ ≥ 0. Since 1 ( ) is bounded and lim →+∞˙1 ( ) = 0. Now we show ′ > 0, if ′ = 0, for sufficiently large 3 > 0, it follows that 1 ( ) = 0 is the element of predator free equilibrium˜for > 3 , which contradicts˜1 > 0 for all > 0. Based on the above analysis, it follows from Eqn. (6) that ′ =˜1 and =˜2. Consequently, it can be concluded that model system (2) is globally stable around˜in the case of ′ ( ) > 0.
Numerical Simulation
With the help of MATLAB, numerical simulations are provided to understand the theoretical results which have been established in the previous sections of this paper. In order to facilitate the numerical simulation, it is assumed that ( ( )) takes the following form,
where ∈ ( 0 , 1 ) such that 0 + = 1 . It follows from simple computation that
which implies that (H2) hold. Since ′ ( ) > 0, numerical simulation work are carried out to show consistency with corresponding theoretical analysis. Values of parameters are partially taken from [7] which are used in numerical simulation work of [7] and set in appropriate units. 
Conclusion
It is well known that density dependent is a key concept in population dynamics. As population density increases, the body mass of large herbivores typically declines, affecting individual performance traits such as age of first reproduction and juvenile survival. In this paper, a stage structured prey predator model system with density dependent maturation delay and selective harvest effort on predator is proposed, which is utilized to investigate dynamic effects of density dependent maturation delay and harvest effort on model dynamics. By taking ′ ( ) as a bifurcation parameter, conditions for stability switch and dynamical behavior are discussed with the increase of ′ ( ) from zero. Furthermore, it should be noted that harvesting has a stabilizing effect on population dynamics, and maturation delay to preserve stability increases with the introduction of harvest effort on predator population. With the rapid developmen-t of commercial harvesting on prey predator ecosystem in the real world, more research attention are paid to sustainable development of population in harvested ecosystem and prosperous commercial harvesting, the introduction of harvest effort and related qualitative analysis makes the work done in this paper has some new and positive feature. 
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